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Abstract 

We construct a class of entangled states mTi = TLa ®TiB® Tic quantum systems with dimTiA = 
dimTLB = dimTic = 2 and classify those states with respect to their distillability properties. The 
states are bound entanglement for the bipartite split(Yi3) — C. The states are NPT entanglement 
and 1-copy undistillable for the bipartite splits A — {BC) and B — {AC). Moreover, we generalize 
the results of 2 (g) 2 (8) 2 systems to the case of 2n®2n® 2n systems. 
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I. INTRODUCTION 


Quantum entanglement is one of the most astonishing quantum phenomena. It plays ^ 
important role in quantum information such as dense coding [^, quantum teleportation 


and quantum cryptographic schemes 


m 


Namely we say that a state of composite systems is considered to be entangled if it can 


not be written as a convex combination of product states 
devoted to analyze the separability and entanglement [7 


6|. Considerable efforts have been 
12|. Indeed there are two kinds 


of entangled states. One is the free entangled state which is distillable, and the other is 
the bound entangled state. A bound entangled state is one which is entangled and does 


not violate Peres condition 13|. For 2 ® 4 and 3 0 3 systems, explicit examples of bound 
entangled states have been constructed in Ref. [l^. It has been shown that any state with 
PPT—positive partial transpose is non-distillable and a bipartite state is distillable if some 
number of copies p®" can be projected to obtain a two-qubit state with NPT (non-PPT) 


15| . Therefore the bound entanglement can not be brought to the singlet form by means of 


local quantum operations and classical communication from many copies of a given state. 
Instead, is an NPT state distillable? It was proved that for two-qubit systems all entangled 


states are distillable 


16| . That means there is no NPT bound entangled state in 2 


systems. For higher dimensions, the existence of bound entangled state with NPT has been 


discussed in Refs. 


17 


22|. As a matter of fact, bound entanglement can not be used alone 


or quantum communication, nevertheless, it can be distillable through free entanglement 


23l |. Moreover, in Ref. 2^ for some bound entangled state pi with NPT there exists another 


bound entangled state p 2 such that the joint state pi ® p 2 is no longer a bound entangled 
state. Such a phenomenon is called superactivation. 


In this paper, we analyze a class of tripartite entangled states. The paper is organized 
as follows. In Section 2, first we construct certain entangled states, then we give a detailed 
description about the entanglement with respect to different bipartite splits in 2 ® 2 $$ 2 
systems. In Section 3, we generalize these results to 2n®2n®2n systems. Finally, conclusion 
and discussion are given in Section 4. 


2 





















II. ENTANGLEMENT OF 2 (g) 2 (g) 2 QUANTUM SYSTEMS 


In this section we consider the entanglement of mixed states for different bipartite splits 
in 2 0 2 0 2 systems. Consider the Hilbert space "H = Ha 0 "Hs 0 l - Lc-i diroHA = dim'HB = 
dim'Hc = 2. Let = |0)(0|, e* stand for orthonormal basis of z = 1,2. We dehne the 
vectors 


'Ll = 
^2 = 
'Ls = 

$6 = 


^(ei 0 Cl 0 Cl + 62 0 Cl 0 62), 
V2 

-^(ei 0 Cl 0 62 + 62 0 62 0 61), 

^(61 0 62 0 61 + 62 0 62 0 62), 
v2 


62 0 61 0 




b G [0,1]. 


( 1 ) 


We construct a state as following 


a. 


insep 






-P 


61(8)6218)62) 


i=l 


( 2 ) 


which is inseparable for all bipartite splits. It can be verihed by using the partial transpo¬ 
sition criterion. Now we dehne the following state 


7b 


(^b = 


7b+1 


- O ', 


insep 


7h+l 


'P^b- 


Its matrix is of the form 


(Ob = 


7b+1 


f b 

0 

0 

0 

0 

b 

0 

0^ 

0 

b 

0 

0 

0 

0 

b 

0 

0 

0 

b 

0 

0 

0 

0 

b 

0 

0 

0 

b 

0 

0 

0 

0 

0 

0 

0 

0 

1 +b 

2 

2 

0 

0 

b 

0 

0 

0 

vWF 

2 

1-6 

2 

0 

0 

0 

b 

0 

0 

0 

0 

b 

0 


0 

b 

0 

0 

0 

0 



( 3 ) 


( 4 ) 


Next we analyze the inseparability of Ob for all possible bipartite splits namely {AB) — C, 
A-{BC), B-{AC). 
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A. Bipartite split {AB) — C 


For the bipartite split {AB) — C, we have 

6000 0 0 06 

0600 6 0 00 

0060 0 0 00 

0006 0 0 60 

0 6 0 0 ^ 0 0 
0 0 0 0 i±^ 0 0 

0006 0 0 60 

6000 0 0 06 

It is easy to see that the state is positive as 

= I®I®UaJ®I®U\ (6) 

where 



We now prove that Ch is an entangled state with respect to bipartite split {AB) — C by using 
the range criterion. Assume that 6 7 ^ 0,1, then any vector belonging to the range of ab can 
be presented as 




u — (Ai, A2, A3, A4, xAs, Ai + A5, A2, A3), Aj G C, z — 1, • • • , 5 , 
where x = On the one hand, for a; 7 ^ 0,1, if -u is positive it must be of the form 


Uprod = {r,s,t,q) ® (Ai,A 2 ) = (rAi, rAa, sAi, sAa, fAi, fA2, gAi, gA2), 


where r, s, t, q, Ai, A 2 G C. 

Comparing the two forms of vector u, we consider the following cases. 

(i) If rs 7^ 0, we can put r = 1, s = 1, then Ai = A3 = Ai, A2 = A4 = A2, gAi = A2, 
gA 2 = A 3 , and (g^ — 1 )A 2 = 0. If g^ 7^ 1, then Ai = A 2 = 0, rt = 0. If g^ = 1, we put g = 1, 
then Ai = A2, xA^ = tAi, Ai + A5 = fAi, and t = We have 

Ml = Ai(l,l,^-,1)0(1,1), AiGC. (10) 

a; — 1 
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(ii) If r 7 ^ 0, s = 0, we put r = 1, then Ai = Ai^ A 2 = A 2 , ^13 = ^4 = 0, qAi = A 2 , 
qA2 = 0. For the case g 7^ 0, we have Ai = A2, then u = 0. For g = 0, we get A2 = A2 = 0, 
As = -Ai, we get 

^2 = Ai(l,0,-x,0) 0 (1,0), Ai e C. (11) 

(hi) If r = 0, s 7^ 0, we put s = 1, then Ai = A2 = gAi = 0, gA2 = A3 = Ai. For g 7^ 0, 
we have Ai = A2 = 0, then -u = 0. For g = 0, we get Ai = 0, A2 = A4, A5 = fA2 = 0, if 
t 7^ 0, then A2 = 0, "U = 0. Then we have 

% = A4(O,1,O,O)0(O,1), A4GC. (12) 

(iiii) If r = 0, s = 0, then gAi = A2 = 0, gA2 = A3 = 0, tAi = xA^, tA 2 = A5. For g 7^ 0, 
one has Ai = A2 = 0, -u = 0. For g = 0, 

Uprod = {0,0,0,0,tAi,tA2,0,0), (13) 

if f = 0, then n = 0, we put t = 1, then 

^■4 = A5(0, 0,1, 0) 0 (x, 1), As G C. (14) 


All partial complex conjugations of vectors Ui, ^ 2 , ^ 3 , are 

uf = 7li(l,l,^-,l)0(l,l), 

X — 1 

u*2 = Ai(l, 0, -X, 0) 0 (1, 0), 
uf = A4(O,1,O,O)0 (0,1), 
uf = As(0,0,1,0) 0 (x, 1). 

On the other hand, any vector belongs to the range of can be written as 


u' — (A 4 , A 2 , A 3 , A 4 , A 2 + A 5 , xAg, A 4 , A 4 ), A' e C, z — 1 , • • • ,5. 


(15) 

(16) 


Let us check whether the vectors can be written in the above form. For 

we obtain that uf' belongs to the rang of For uf, assuming that it is of the form 

u', we get Ai = A^ = 0, then uf is the trivial zero vector. For uf, we have A 4 = A 4 = 0, 
then uf is the trivial zero vector. For uf, considering A 2 = 0, A 2 + A^ = a; As, xA'^ = As, 
we obtain x^ = 1. This contradicts the fact that x = \J~^^ 7 ^ 0,1. 

In summery, for any h f 0,1, the state us is a bound entangled state with respect to 
bipartite split {AB) — C. 
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B. Bipartite split A — (BC) 


For the bipartite split A — {BC), we have 

6000 0 0 0 0\ 

0600 6 0 00 

0060 0 6 00 

0006 0 0 60 

0 6 0 0 0 0 

0 0 6 0 0 0 

0006 0 0 60 

0000 0 0 06y 

For any nonzero real vector X = {xi,X 2 , - ■ ■ , xs)^, we have 

X = f{xi, X 2 , ■ ■ ■, Xs) = bxl + 6xg — 6x5 + 6(x2 + Xs)^ 
+6(x3 + Xq)^ + 6(x 4 + Xy)^ + (^^^Xs + 


= 


76+1 


( 17 ) 


(18) 


Obviously, the positive index of inertia is 6, and the rank of is 7. Therefore ab is an 
NPT state with respect to bipartite split A — {BC). 

Next we will show that the state ab is 1-copy undistillable with respect to bipartite split 
A — {BC). We begin with the following 

Theorem 1. A bipartite state p acting on a Hilbert space BLa ® 77b is distillable if and 
only if there exist a positive integer 77 G N and a Schmidt rank-2 state vector in 

77®'^ 0 77f ^ such that 


(4^11(p®^)^-14^1) = (4^'|(p^-)®^|4^') < 0. 


(19) 


For = 1, the Schmidt rank-2 state is of the form 


m ) = |i)BC, 

k,i=l j=l 

where Y,t.i 4 = 1. Ei.i nf'’"up'> = Ebi vf'’"C = 


( 20 ) 


(4‘F+l+)= Y. Y 


^ • (‘Ovie. ..('=>)_ 1 YlMiYi 


A:i,/c 2,^=1 j=l 


76+1 




76+1 


( 21 ) 


with Fi = (cimJ, ciM 2 ) C 2 M 1 , C 2 M 2 )^- We get the matrix Mi is positive. According to the 
Theorem 1, the state ab is 1-copy undistillable with respect to bipartite split A — {BC). 
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C. Bipartite split B — {AC) 


For the bipartite split B — {AC), we can use the same method as above, for any nonzero 
real vector X = {xi,x- 2 , ■ ■ ■ , x^)'^, we have 

= f{xi, X2,..., Xg) = bxl + bxj — bxl + b{xi + Xq)"^ 

+h{xg + + b{x4^ + x^Y + i.\j 2 ^ 2 (22) 

The positive index of inertia is 6, and the rank of is 7, then at is also a NPT state 
with respect to bipartite split B — {AC). 

In the similar way, by direct calculation we have > 0 for all the Schmidt 

rank-2 states \'ip 2 ^) in ® 77®^. Therefore, ah is 1-copy undistillable with respect to 
bipartite split B — {AC). 


III. ENTANGLEMENT OF 2n 0 2n 0 2n QUANTUM SYSTEMS 


Consider the Hilbert space "H = Ba Be, dirnHA = diniHB = dim'Hc = 2n. Let 

B<t> = \4^){4>\, C stand for orthonormal basis of i = 1,2, ■ ■ ■ , 2n. We dehne the vectors 

1 

^ijk ^ ^ ^n+i ® ® ^k-\-l), 

V 2 


Tifc = ^{d ® ek ® e2n + Gn+i ® Cfc+I (g) Cl), 

V 2 


<ha = Cn+l (g) Cl (g) ei 


1 — a 


G2n), 0, G [0, 1]. 


2 ^ V 2 

where i = 1, - ■ ■ ,n, j = 1, ■ ■ ■ , 2n, k = 1, - ■ ■ ,2n — 1. Now we dehne the following state 


(23) 


Pinsep 


8n^ — 1 


n 2n 2n—1 


ijk 


B 




_P 

3^3 — I '^»®e 2 niS)e, 


(24) 


i=l j=l k=l 

This state is inseparable with respect to all bipartite splits as there always exist a minor 
matrix of order 2 of its partial transposition is negative. Mixing the states pinsep and 
we have 

( 8 n^ — l)a 1 


Pa = 


~ Pinsep T 




(25) 


{■in? - l)a + 1 " (8nS - l)a + 1 ' 

Next we analyze the different types of entanglement of pa for all possible bipartite splits. 
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A. Bipartite split {AB) — C 


For the bipartite split {AB) — C, is a x matrix 


with 


pI^ = 


(8n3 - l)a+ 1 


Fi = 


a 0 
0 a 

0 0 


f Fi 

0 ■■■ 

0 

G\ 

Hi ■■■ 

0 ^ 

0 

Fi ■■■ 

0 

0 

G* ■■■ 

0 

0 

0 ■■■ 

Fi 

0 

0 ■■■ 

G\ 

Gi 

0 ■■■ 

0 

Ki 

0 ■■■ 

0 

Hi 

Gi ■ ■ ■ 

0 

0 

F, ... 

0 

\ 0 

0 ■■■ 

Gi 

0 

0 ■■■ 

Fi) 

n\ 

1 


a 0 

... 0 \ 

1 


, Gi — 


0 0 a ■ ■ ■ 0 


0 0 0 

\0 0 0 


a 

0 / 


0 0 0 0 ^ 


H,= 


0 0 ■■■ 0 

a 0 ■ ■ ■ 0 


, Ki = 


( 0 ■■■ 0 

0 a ■ ■ ■ 0 0 


0 0 • ■ ■ a 0 

Vi—n n i+“ 


(26) 


0 ... 0 i ±2 / 

where Fi, Gi, iiTi, Ki are all 2n x 2n matrices and G* stand for transposition of G. 
For any nonzero real vector X = (xi, 0 ) 2 , • • • , we get 

2 n ^—1 2 n 2 n ^—2 

^(^2+2n/c “1“ ^4n3+2+2n/c—l) “1“ ^ ^ ^(^l+2nfc ^4n3+4n+2nfc) 

k={) i=2 k=0 


+ aX4„3_2n+l + ( 


1 — a 


■2^4n3+l “ 1 “ 


1 + a 


^4n^+2n) ■ 


(27) 


Obviously, the positive index of inertia is 4n^ + 1, and the rank of is 4n^ + 1. We drive 
that the state p^^ is a PPT state. 



Next, we will show that the state pa is entangled with respect to bipartite split {AB) — C. 
For any vector belongs to the range of can be presented as 

(^15 A 2 j ■ ■ ■ ) ^ 2 n— 1 ) A 2 nj ^ 2 n+l j ' ' ' i ^4n —1 j ^4n) ' ‘ ‘ j ^4n3— 2 n+l; ‘ ) ^4n3 — 1 ; ^4n3 ; 

A 2 + B, 2 I 3 , • • • , 242n, yB, A 2 n+ 2 , ' ' ' , ^4n, Ai, ■ ■ ■ , A4n3-2n+2, ' ' ' , ^4n3, ^4n3-4n+l)j (28) 

where y = A, S e C, z = 1, 2, • • • , 4nh 

For y 7 ^ 0,1, if 1 ? is positive, it must be of the form 

^prod ('^ 1 : ^ 2 ; ‘ ‘ ‘ i ® ("^ 1 ; ^2 5***7 "^ 2 n) 5 5 ^ C, i 1 , * * * , AtI , J 1 , * * * , 27^. 

(29) 

Let us now consider the following cases, comparing the two forms of vector v. 

(i) While Si = 0, we have Sm = Sm+ 2 n^ = 0 and 54^2 = 0, m = 2, 3, • • • , 2n^ — 1. The proof is 
in Appendix A. Hence if S 2 n 2 = 0, then S 2 n 2 +i 7 ^ 0, otherwise n = 0, we can put S 2 n 2 +i = 1, 
then we get 

vi = B(0, 0, • • • , 0,1, 0, • • • , 0) (g) (1, 0, • • • , 0, 1 /). (30) 

If S 2 n 2 7 ^ 0, combine with S 4 „ 2 (Ai, • • • , A 2 n_l) = S 2 „ 2 (A 2 , • • • , A 2 n) and = S 2 n 2 +l^l 

one has S 2 n 2 +i = 0, we put 52^2 = 1, so we get 

t ^2 = A4n3-2n+l(0,0,-- - , 1, 0, 0, • • • , 0) ® (1, 0, • • • ,0,0). (31) 

(ii) While si 7 ^ 0, we put si = 1, then Ai = Ai, i = 1 , 2 ,-•• , 2n. According to the 
relation A^ = S 2 n 2 +iAfc_i, 3 < k < 2n, we have that if for some k, A^. ^ 0, 2 < k < 2n, 
then A 2 , • • • ,A 2 n are not zero and S 2 n 2 +i 7 ^ 0 , if for some k, Ak = 0 , 2 < k < 2 n, then 

A = • • ■ = A 2 „ = 0 , S 2 n 2 +i 7 ^ 0 . 

If Ai = 0, from Ai = S 2 n 2 + 2 A 2 n, then 52 ^ 2+2 = 0, A 2 n 7 ^ 0, otherwise n = 0, according to 
the conclusion of Appendix A and S 2 n 2 A 2 „ = S 4 „ 2 A 2 n-i, one has 52^2 = 0, therefore 

V 3 = A 2 ( 1 , 0, • • • , 0, S 2 n 2 + 1 , 0, • • • , 0) 0 (0, 1, S2n2+1, S 2 „ 2 +i, ' • • , (32) 

If Ai 7 ^ 0, we put S 2 n 2 +i = 1, then A 2 + i? = Ai, yB = A 2 n and A 2 =, • • • , = A 2 „. From 
Ai = S 2 n 2 + 2 A 2 n, we obtain S 2 n ^+2 = Since s^A 2 = S 2 „ 2 +^Ai, 2 < m < 2 rA and 

s^Ai = S 2 n 2 +m+iA 2 n, 2 <171 < 2 rA - I, then s^ = (^)^™"^ S 2 n 2 +m = (^)^™"^ we have 

«4 = 4.(1, («r ...., 

y y y y y 

0(^,1,1,--- ,1). (33) 

y 
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All partial complex conjugations of vectors wi, ^ 2 , ^ 3 , are 
vf = S( 0 , 0 , • • • , 0 , 1 , 0 , • • • , 0 ) 0 ( 1 , 0 , • • ■ , 0 , y), 
vf = A4n3-2n+l(0, 0, • • • , 1, 0, 0, • • • , 0) 0 (1, 0, • • • , 0, 0), 
vf = ^ 2 ( 1 , 0 , • • ■ , 0 , S 2 n 2 + 1 , 0 , • • • , 0 ) 0 ( 0 , 1 , S 2 n 2 + 1 *, ^^ 2 + 1 *, 

vf = 4 ,( 1 . (^)^ (^)‘.... , 

y y y y 


■’■^2^2 + 1)’ ■S2n2+l 7^ 0 , 

'2/ + lN4n2-3N 


.?/+ 1 




On the other hand, any vector belongs to the range of pa can be written as 

^ (^ 1 ) -^21 ■ ■ ■ 5 ■^2ni ■ ■ ■ 5 ^4n3—2n+li ^4n3—2n+2’ ' ' ' 1 244„3 , yB , , • • • , A 2 ^_ 2 , 

B ■^2n—li ^2ni ^2n+l) ' ' ' 1 ^4n—li ' ' ' 1 ^4n^—2ni ^4n3—2n+l5 ' ' ' i ^4n3 —l)) (35) 

Now we check whether vectors vf, vf, vf, vf can be written in the above form. 

For vf, assume it can be written as the form of v', we get B = yB', yB = B', then 
y"^ = 1, which contradicts the fact that y f Q,l. For vf, we certainly have A4„3_2„+i = 
^ 4 n 3 - 2 n+i ~ then vf is the zero vector.For vf, it must be hold S 2 n 2 +iA 2 = Aj = 0, then 
S 2 n 2 +i = 0. This contradicts the fact that S 2 n 2 +i f 0. For vf, considering = ^^A 2 and 
Aj = A 2 , we get A 2 = 0, then vf is also the zero vector. 

Therefore, it leads to the conclusion that none of vectors vf ,vf ,vf ,vf belongs to the 
range of pa- For any a f 0,1, the state pa is a bound entangled state with respect to bipartite 
split (AB) — C. 

B. Bipartite split A — (BC) 


For the bipartite split A — {BC), we have p'^^^ is a 2n x 2n matrix 

f Fo 0 0 ■■■ 0 G'o H' 0 ■■■ 0 


0 F 2 0 


0 0 G'o H'o 


Pa^^ = 


0 0 0 


F 2 0 0 0 


(8n3-l)a + l Go 0 0 ■■■ 0 ATo 0 0 ■■■ 0 


Ho Go 0 


0 0 F 2 0 


0 0 0 ■■■ Go 0 0 0 
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with 


a 0 ■ ■ 
0 a ■ ■ 

0 0 ■■ 


/ 0 a 0 ■■■ 0 \ 

0 0 a ■ ■ ■ 0 

, G*2 = ■, H 2 

0 0 0 ■ ■ ■ a 

\ 0 0 0 ■■■ 0 / 


0 0 0 0 

0 0 ■■■ 0 

a 0 ■ ■ ■ 0 


Ko = 


1 +a 

2 

0 

■ 0 

2 

0 ■■ 

■ 0 

0 

a ■ ■ 

■ 0 

0 

0 ■■ 

■ 0 

0 

0 ■■ 

■ a 

0 

0 ■■ 

■ 0 

2 

0 ■■ 

■ 0 

l-j-fl 

0 ■■ 

■ 0 

0 

0 ■■ 

■ 0 

0 

a ■ ■ 

■ 0 

0 

0 ■■ 

■ 0 

0 

0 ■■ 

■ a 


which are An? x Av? matrices. 

For any nonzero real vector X = (xi, X 2 , • • • , Xgn^)'^, we get 


n—l 4n^ n—2 

®(^i+4A:n2 “1“ ^in^+ikn'^+i—l) “1“ ^ ^ ®(^l+4A:n2 F 

k=0 i=2 


3^4n3 + (8+4A:)n2, 


+ {y - - -a;4„3+2n + ^^-a^4n3+l)^ + «a;4„3_4„2+4 + aa^L3+4n2 ~ + (37) 

Obviously, the state is not positive, so pa is a NPT state with respect to the bipartite 
split A — (BC). 

Now we prove pa is 1-copy undistillable with respect to the bipartite split A — {BC) by 
using Theorem 1. 

For = 1, the Schmidt rank-2 state is of the form 

2 2n 4n2 

® \j)BC, (38) 


2'4n3+2n 


'1 -|- a 


k=l i=l j=l 


where Y.l=i<^l = E?=i = 4ifc2, E^fi = '^fcifc 2 - Then we have 

2 2n in? ^ 

fcl,fc2=l i=l j=l ^ ' 


-— -^- vj M 2 V 2 

(8n3-l)a+l ^ 
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with Y 2 = {ciu\, ciu\, • • • , ciu\^, C 2 u\, C 2 m|, • • • , C 2 M 2 n)^) ^^^1 the matrix M 2 are positive, that 
is ^ 0 for any Schmidt rank-2 state vector in ® "^Ic- Therefore 

Pa is 1-copy undistillable with respect to the bipartite split A — (BC). 


C. Bipartite split B — {AC) 


We can nse the same method to analyze the case of bipartite split B — {AC). For any 
nonzero real vector X = (xi, X 2 , • • • , Xg^s)^, we get 

2n^-l2n-l 2n^-2 

x^pp'^x =j 2T, 0^{^i+2kn A X4^3_|_2fcn-|-j— 1 ) T ^ ^ ®(^2n(2-|-fc) A 2^4n3+2A:n-|-l) 


k=0 i=l 


k=0 


+ ( 


1 — a 


1 -(- fl 


^4n3+2n A \ -|- 02^4^3_|_2n,_|-i + ^^2n ®^4n3+l) 


(40) 


then is not positive, pa is a NPT state with respect to the bipartite split B — {AC). 
By direct calcnlation ((P 2 '|pp‘o|(^W^ is positive, where (^ 2 ' ^ ® '^ac- 

Therefore pa is 1-copy nndistillable with respect to bipartite split B — {AC). 


IV. CONCLUSION AND DISCUSSION 


In snmmary, we have constrncted a class of tripartite entangled states, then presented a 
detailed description about the entanglement with respect to all possible bipartite splits in 
2 ® 2 ® 2 systems. For the bipartite split(Ai?) — C, the state is bound entanglement, for 
another two bipartite splits, it is a NPT state and 1-copy undistillable. Finally, we have 
generalized the results to the case of 2n®2n® 2n systems. 

In order to avoid complicated calculations, we can also use the following method to prove 
1-copy undistillation. According to the Ref. [2^, a bipartite state p acting on a Hilbert space 
ALa ® 'Hs is distillable if and only if there exist a positive integer K and two 2-dimensional 
projectors P : {ALa)^^ —t and Q : {ALb)^^ —t such that {{P ® Q)p®^{P ® 
is not positive. For example, in 2 0 2 (g) 2 systems, let {|1), |2)} and {|1), |2), |3), |4)} be 
orthonormal bases of At a and ALbc respectively, we take K = 1, considering the following 
two-dimensional projectors P = |1)(1| -|- |2)(2| and Qi = |1)(1| + |2)(2|. Then the nonzero 
eigenvalues of matrix {{P 0 Qi)cTb{P ® Qi)Y'^'^ are Y^{b ± F 2 fe^- 2 b+i _|_ which 
are positive for b G (0,1). For another possible two-dimensional projectors Qi of 'Hbc, 
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i = 2, 3, • • • , 6, we also get the matrix ((P 0 Qi)crb{P 0 Qi)Y^^ is positive by calculating 
the eigenvalues, then ab is 1-copy undistillable with respect to the bipartite split A — (BC). 
Using the same method, it is also easy to get aa is 1-copy undistillable with respect to the 
bipartite splits B — {AC). 

In 2n 0 2n 0 2n systems, let iT = 1, according to the form of matrix after taking 

every possible two-dimensional projectors P and Q of I-La and T-Lbc respectively, the nonzero 
rows and columns of matrix (P0 Q)p^^^{P 0 Q) constituting a new matrix J only has hve 
kinds of form as following 


/a 0 0 0 \ 
0 a 0 0 
0 0 a 0 

\ 0 0 0 a y 


/ 0 0 0 \ 

0 a 0 0 

0 0 a 0 

y 0 0 0 a y 


/ a 0 0 a \ 

0 a a 0 

0 a a 0 

y 0 0 0 a y 


/a 0 0 0 \ 

0 a a 0 

0 a 0 

y 0 0 0 a j 


/ a 0 
0 a 
0 0 


0 

0 


0 

0 




l+g Vl— 

2 2 

VO 0 lii y 


(41) 

Obviously, the nonzero eigenvalues of matrix (P 0 Q)p^‘^^{P 0 Q) are equal to the one 
of matrix J. It is easy to check that all eigenvalues of J are positive for a G (0,1), then 
(P 0 {P 0 Q) is positive for all two-dimensional projectors P and Q. Therefore, pa 

is 1-copy undistillable with respect to the bipartite split A — {BC). Using the same method 
to analyze the case of bipartite split B — {AC), we get pa is also 1-copy undistillable. 

We also hope that our results will help further investigations of multipartite quantum 
systems. 


Appendix A 

Comparing the two forms of v, we have 

^m{A2, A^, ■ ■ ■ , ^2n) ^2n'^+m{Al, A 2 , ' ' ' , ^2n—l)) (-^^) 

^m—lAi S2n^-{-mA2nj (-^^) 

where m = 2, 3, • • • , 2?7,^. In fact, we can obtain the two relations from flAip and flA2p . 

(i) if Sm-i = 0, then S 2 n 2 +m = 0, m = 2, 3, • • • , 2iP, 

(ii) if S2n2+m = 0, then = 0, m = 2, 3, • • • , 2n^ - 1. 

Let us prove the hrst one. Assume that Sm-i = 0 and S2n2+m 7^ 0, m = 2, 3, • • • , 2n^. From 
flA2p . we have A 2 n = 0, then SmAi = S2n2+m+i^2n = 0. Here, if Sm 7^ 0, the Ai = 0, 
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according to flAip . we get A 2 = 0, A 3 = 0, • • •, A 2 n = 0, is a zero vector, so Sm = 0. From 
flAlD and S 2 rfi+rn 7^0. Ai = 0, A 2 = 0, • • •, A 2 „_i = 0 must hold , v is also a zero vector, so 

S2n^+m 0 . 

For the second one, if S 2 n 2 +m = 0, and Sm 7 ^ 0, m = 2,3,-•• ,2n^ — 1, then A 2 = 0, 
A 3 = 0, • • •, A 2 „ = 0. Since SmAi = S 2 rfi+ra+iA 2 n) we get Ai = 0, then n = 0. Therefore if 
'® 2 n 2 +m Oj then SjYi 0 . 
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